HR 8799 is a nearby star hosting at least four ∼ 10 m Jup planets in wide orbits up to ∼ 70 au, detected through the direct, high-contrast infrared imaging. Large companions and debris disks reported interior to ∼ 10 au, and exterior to ∼ 100 au indicate massive protoplanetary disc in the past. The dynamical state of the HR 8799 system is not yet fully resolved, due to limited astrometric data covering tiny orbital arcs. We construct a new, orbital model of the HR 8799 system, assuming rapid migration of the planets after their formation in wider orbits. We found that the HR 8799 planets are likely involved in double Laplace resonance, 1e:2d:4c:8b MMR. Quasi-circular planetary orbits are coplanar with the stellar equator and inclined by ∼ 25 • to the sky plane. This best-fit orbital configuration matches astrometry, debris disk models, and mass estimates from cooling models. The multiple MMR is stable for the age of the star ∼ 160 Myr, for at least 1 Gyr unless significant perturbations to the N-body dynamics are present. We predict four configurations with the fifth hypothetical innermost planet HR 8799f in ∼ 9.7 au, or ∼ 7.5 au orbit, extending the MMR chain to triple Laplace resonance 1f:2e:4d:8c:16b MMR or to the 1f:3e:6d:12c:24b MMR, respectively. Our findings may establish strong boundary conditions for the system formation and its early history.
INTRODUCTION
Numerous ground based and space surveys of extrasolar planets brought thousands of new detections since the pioneering radial velocity (RV) observations (Walker 2012) . Besides the RV method, the most successful observational techniques are transits, microlensing, eclipse timing and direct imaging (Perryman 2011; Bhattacharjee & Clery 2013) . The observations revealed a few hundreds of confirmed and well characterized extrasolar planets, exhibiting a rich diversity of orbital architectures, masses, densities, radii, as well as spectral types and evolutionary stages of single and binary parent stars (Howard 2013) . Most of the extrasolar planets have been detected within a few astronomical units (au) of their host stars. Only the direct imaging brought a handful detections of massive planets beyond 10 au distance which roughly compares to the orbit of Saturn in the Solar system. This natural but extremely demanding observational technique is called the Holy Grail of exoplanet searching (Bhattacharjee & Clery 2013) . The direct imaging may provide information on masses, radii, chemical composition, atmospheres and orbital architecture (Oppenheimer et al. 2013) resulting in a complete characterization of extrasolar planetary systems. The main limitations are the angular resolution and contrast requirements, reaching more than 20 stellar magnitudes. Therefore the prime targets are only massive, young and still self-radiating giant planets or brown dwarfs, in orbits beyond a few au of their host stars. A recent survey (Wahhaj 2013) of 57 debris disk stars shows at 95% confidence that < 13% of these stars have a > 5 m Jup planet beyond 80 au, and < 21% of debris disk stars have a > 3 m Jup planet outside of 40 au. The HR 8799 (Marois et al. 2008 (Marois et al. , 2010 belongs to a rare sample of stars hosting planets discovered by the direct imaging . The HR 8799 system remains truly exceptional as the only multiple and dynamically compact configuration of four giant planets in ∼ 7 − 10 m Jup mass range.
Since the discovery, the HR 8799 system receives an enormous attention. Tens of papers and proceedings are devoted to the age, companion masses, the orbital architecture of this system and its stability, debris disks, long term-evolution and formation (e.g. Matthews et al. 2014; Marleau & Cumming 2014; Oppenheimer et al. 2013; Baines et al. 2012; Esposito et al. 2013; Currie et al. 2012; Sudol & Haghighipour 2012; Soummer et al. 2011; Bergfors et al. 2011; Currie et al. 2011; Marshall et al. 2010; Moro-Martín et al. 2010; Fabrycky & Murray-Clay 2010; Goździewski & Migaszewski 2009; Su et al. 2009; Reidemeister et al. 2009) , to mention just a handful of these works. However, two questions seem still opened: what is the dynamical state of the HR 8799 system, and how this system has formed (Marois et al. 2010 ).
None of simple, analytic criteria of stability apply to the HR 8799 system. The early dynamical analyses (Fabrycky & Murray-Clay 2010; Goździewski & Migaszewski 2009; Reidemeister et al. 2009 ) of the three-planet systems announced in the discovery paper (Marois et al. 2008 ) revealed that apparently circular, wide (∼ 100 au) orbits are separated by less than 3-4 mutual Hill radii. Such configuration must self-destruct statistically in 100,000 years time-scale (Chambers et al. 1996; Chatterjee et al. 2008 ) unless a protecting mechanism is present. Such a mechanism maintaining the stability for the star lifetime can be the mean motion resonance (MMR). Indeed, three outer planets hosted by the the HR 8799 are most likely involved in stable Laplace 1d:2c:4b MMR (Fabrycky & Murray-Clay 2010; Goździewski & Migaszewski 2009; Reidemeister et al. 2009; Soummer et al. 2011; Marshall et al. 2010) , similarly to innermost moons of Jupiter (Io, Europa and Callisto) . (This is further confirmed in this paper). The orbits are low-eccentric, coplanar and inclined by ∼ 20 • -30 • to the sky plane. Companion masses are estimated in 5-7 m Jup for planet b and in 7-10 m Jup for planets c and d, in accord with evolution the-ories and cooling rates of sub-stellar objects (Baraffe et al. 2003) . This early understanding of the HR 8799 system with three outer planets is roughly consistent across the literature.
However, after the discovery of the fourth planet (Marois et al. 2010) , there is no unique nor certain orbital model that predicts long-term stable dynamical evolution anymore (Marois et al. 2010; Currie et al. 2011; Konopacky et al. 2011; Sudol & Haghighipour 2012; Currie et al. 2012; Esposito et al. 2013 ). This problem might be expected. The initial condition of the four-planet system involves almost 30 free parameters (osculating orbital elements and masses). The observational time window of ∼ 15 years is very narrow as compared to the orbital periods between ∼ 50 years and ∼ 500 years, i.e., only ∼ 30% to ∼ 3% of the innermost and outermost orbital arcs, respectively. A small number of ∼ 60 observations with significant uncertainties (∼ 1%) results in the ratio of measurements per the degree of freedom close to 4. In contrast, to well characterize planetary orbits by the RV technique, this ratio should be 6-7, provided that data cover roughly 1-2 longest orbital periods. Any determination of the HR 8799 orbits by the common kinematic (Keplerian) or N-body (Newtonian) approaches is badly constrained. Actually, it is not clear, whether this young system is dynamically stable at all, and could be disrupted due to strong mutual interactions and dynamical chaos present (e.g., Goździewski & Migaszewski 2009; Sudol & Haghighipour 2012; Esposito et al. 2013) .
The second unsolved problem regards close proximity of two inner planets to the parent star, interior to ∼ 25 au orbit. The present planet formation theories cannot explain creation of all four planets in situ by one mechanism (Marois et al. 2010) . Because the spectral studies reveal similar sizes, chemical compounds and age of the planets (Marois et al. 2010) , also the birth conditions of all planets likely have been similar. [See however the new results by Oppenheimer et al. (2013) ]. Therefore, if all planets formed relatively far from the star, through gravitational fragmentation and/or the core accretion [see a discussion in (Currie et al. 2011 )], they likely have been moved to their present orbits from wider orbits. This might be possible via the planet-planet scattering (Chatterjee et al. 2008) or the planetary migration. The planet-planet scattering might explain the marginal stability of the system reported in many papers. However, the SPITZER and HERSCHEL observations (Chen et al. 2006; Su et al. 2009; Matthews et al. 2014 ) detected two coplanar, massive debris disks and an extended spherical halo around HR 8799. The inner warm disk reminds the asteroid belt, while the outer cold disk is similar to the Kuiper Belt in the Solar system. The presence of at least four giant planets and extended debris features are suggestive for a particularly massive protoplanetary disk. The presence of such a large disk might support and indicate the fragmentation formation and migration scenario. The migration could be rapid in such a presumably massive disk, in accord with estimates of the 100 au migration time-scale as short as 10 4 yrs (Baruteau et al. 2011) .
In this paper we report a possible solution of both these problems, although focusing mainly on the orbital properties the HR 8799 system and its global dynamics. We derived a long-term stable N-body model of the HR 8799 system in accord with astrometric observations and companion mass estimates published to date. This self-consistent model relies on three basic assumptions, which actually reflect the results in the extensive literature: i) the current HR 8788 planetary system emerged due to joint migration of four (or even more) massive planets that have been formed in wide orbits, ii) the system is coplanar or almost coplanar, iii) the system is long-term stable and the stability is maintained by the mean motion resonances. These assumptions lead us to construct a new optimization algorithm for finding such configurations, which are strictly stable and fully consistent with astrometry and astrophysical mass constraints.
Our approach differs from common methods of modeling planetary systems by a crucial aspect. We assume that the orbital elements are not free nor independent parameters of the data model. Instead, the orbital elements are constrained by the dynamical evolution governed by planetary migration, hence the orbits are instantly coupled. This component of the optimization might be thought as a generalization of the self-consistent N-body fitting (Laughlin & Chambers 2001) constrained by the dynamical stability (e.g. Goździewski & Migaszewski 2009 ) which imply a complex discretization of the parameter space. The method makes use of a heuristic model of migration (Moore & Quillen 2013) and theoretical estimates of the masses varied in prescribed, yet reasonable ranges derived on the grounds of recent cooling models, see the very recent paper by Marleau & Cumming (2014) . This paper is structured as follows. After Introduction, we present a short review of the recent literature devoted mostly to the orbital models of the HR 8799 system. Section 3 presents our new approach of the optimization of astrometric data through constraining it by the planetary migration. We call this method the Migration Constrained Optimization Algorithm (MCOA from hereafter). Section 4 regards the results and details of orbital architectures of the HR 8799 system derived with the MCOA. We re-analyse older data in (Marois et al. 2008 ) and early models including three outer planets b, c, d as well as the most recent and complete literature dataset and the best-fitting four-planet model. A single-epoch characterization of three-and four-planet systems is discussed. We also consider ephemeris of the fifth, hypothetical planet interior to the innermost planet e. Section 5 regards important aspects of the stability analysis. Conclusions are given in Section 6. At the end, we provide a compilation of the observational data and our ephemeris of the four-and five-planet models (Tabs. A1-A5) discussed in Sect. 4.
LITERATURE MODELS OF THE HR 8799 SYSTEM
Shortly after the discovery, Fabrycky & Murray-Clay (2010) found that the stability of the three-planet system may be protected by the three-body Laplace 1d:2c:4b MMR. The system locked in this MMR could survive even if the planets have masses as large as ∼ 20 m Jup . Other solutions with large eccentricities and large mutual inclinations also were found. Goździewski & Migaszewski (2009) found very narrow stable zones in the phase space of the system and a few extreme solutions, like the 1d:1c MMR between two inner planets. Reidemeister et al. (2009) concluded that all companions in the discovery paper (Marois et al. 2008 ) may be stable in the mass ranges of (5, 7, 7) m Jup , (7, 10, 10)m Jup to (11, 13, 13) m Jup provided that the Laplace resonance is present. They also found that the inclination of the orbital plane must be larger than ∼ 20 • . Soummer et al. (2011) extended the observational window by ten years from the analysis of the HST images of the HR 8799. They confirmed that stable resonances (1d:1c MMR, 1d:2c MMR, or 1d:2c:4b MMR) found in the previous papers are still compatible with the extended astrometric data. They found stable Laplace resonance with low-eccentric orbit of planet d e d ∼ 0.1 and moderate inclination of the system ∼ 28 • assuming coplanar configuration with circular orbits of the outermost planets. After releasing these constraints they could limit the inclination to (27.3 • − 31.4 • ) range and e d < 0.46. Currie et al. (2012) confirmed these results recently by estimating the inclination of HR 8799 d as I d > 25 • and finding all eccentricities smaller than 0.18-0.3, with a strong indication of not face-on orbits. Bergfors et al. (2011) observed the system with NACO and VLT. They found that planet HR 8799 d is inclined with respect to the line of sight, suggesting that its orbit is slightly eccentric or non-coplanar with the outer planets and debris disk.
The very recent works devoted to the dynamical analysis of the four-planet system including HR 8799 e bring sometimes mutually contradicting conclusions. Marois et al. (2010) revisited the stability analysis in (Fabrycky & Murray-Clay 2010) . By varying parameters of planet e in the four-planet system with single 1d:2c MMR or double 1d:2c:4b MMR they found a few solutions surviving 160 Myr in samples of 100,000 trial models, regarding masses in the range of 30 Myr (5,7,7,7) m Jup and 60 Myr (7,10,10,10) m Jup for planets b, c, d and e, respectively. Semi-major axis of planet e has been changed between 12.5 au and 14.5 au. Stability analysis in (Marois et al. 2010 ) suggest a younger age and lower planet masses. Konopacky et al. (2011) determined eccentricity limits to less than 0.4 for all planets. They found that the addition of the fourth planet makes it very difficult to find any stable configuration for masses greater than 7 m Jup , also suggesting lower masses in a younger system (∼ 30 Myr). Currie et al. (2011) combined the results from planet evolution models and the stability analysis to limit the masses of planets HR 8799b, c, d, e to the ranges of 6-7m Jup , 7-10 m Jup , 7-10 m Jup , and 7-10 m Jup , respectively. Esposito et al. (2013) show that planet e can not form the 1e:2d:4c MMR if its orbit is circular and coplanar with planets d and c, while such orbits are allowed for the 2e:5d MMR. They found significant stable regions for masses in the 5 m Jup range, below the current estimates based on the stellar age of 30 Myr and astrophysical models of cooling sub-stellar objects. Sudol & Haghighipour (2012) found the system marginally stable, surviving less than ∼ 5 Myr at inclinations in the range of ∼ 10 • and ∼ 31 Myr at larger inclinations ∼ 30 • . The most stable systems also favour planet e closer to the star than is observed. They conclude that the planetary masses must be less than 7-10-10-10 m Jup and the system is young. Planets b and c could be in eccentric or mutually inclined orbits with respect to planet d. Baines et al. (2012) estimate HR 8799 mass ∼ 1.51 M and two ages ∼ 30 Myr and ∼ 90 Myr, depending on the evolutionary track contracting toward the zero-age main sequence (ZAMS) or expanding from it. These estimates of the HR 8799 age suggest that the companions are indeed planets. The very recent work of Oppenheimer et al. (2013) brings different spectra of the planets suggesting a greater diversity of these objects than previously found. The SPITZER and HERSCHEL infrared spectra were used to resolve two coplanar debris belts (Chen et al. 2006; Reidemeister et al. 2009; Su et al. 2009; Hughes et al. 2011; Patience et al. 2011; Matthews et al. 2014) divided by the radial gap between ∼ 15-90 au, and an extended dust halo surrounding the whole system. Patience et al. (2011) measured the first spatially resolved map of the HR 8799 disk at 350 µm and detected an arc of emission with a bright clump at a distance consistent with simulations of dust trapped in a 1b:2 MMR with the outermost planet. This result is suggestive for the planets migrated to their current locations and that the eccentricity is low, if the dust is trapped in a resonance (Patience et al. 2011) . Su et al. (2009) and Hinkley et al. (2011) report a dust-free hole interior to ∼ 6 au in the inner warm belt. Assuming an age of 30 Myr and adopting the Baraffe et al. (2003) evolutionary models, Hinkley et al. (2011) determined upper limit of a companion mass of 80, 60, and 11 m Jup at projected orbital separations of 0.8 au, 1 au, and 3-10 au, respectively, ruling out a brown dwarf or a small star between 0.8-10 au.
OPTIMIZATION CONSTRAINED BY MIGRATION
A stable low-order MMR in mutually interacting planetary system is a dynamical state forcing only certain, somehow discrete configurations of the planets. This might be understood and visualized as narrow islands of stable motions in the orbital and physical parameter space (e.g., Goździewski & Migaszewski 2009; . A particular multiple MMR determines orbital periods (and semi-major axes); stability constraints permit only certain ranges of eccentricities; the relative orbital phases are limited by a critical argument of the MMR. Therefore, the best-fitting orbital elements are not free nor independent parameters of the data model. The orbital elements must be constrained by the dynamical evolution governed by planetary migration and orbits are instantly coupled. Planets migrate as a whole dissipative dynamical system that synchronizes itself to a certain state (MMR) which is a kind of an equilibrium in the phase space. We then search for those "equilibria" which fit the observations at some epoch. A crucial aspect of a practical realization of this idea is that a heuristic rather than fully realistic model of the planetary migration (Moore & Quillen 2013) is required to establish a chain of multiple, low-order MMRs. The coupled migration component serves as a kind of implicit constraint of the optimization process. The hard part of this task is that we not know a'priori which initial parameters (masses, initial orbits, migration rates) lead to the best-fitting or acceptable configuration.
A heuristic model of planetary migration
Mechanisms of MMRs formation are widely studied as the result of the planetary migration (see a review by Papaloizou & Terquem 2006 , and references therein). Planetary migration is a sophisticated physical process depending subtly on many parameters. Here, we use a simplistic, heuristic 2-dimensional model of the migration in (Moore & Quillen 2013) . In this model, the migration is driven by the drag force in the form of:
where v v v is an astrocentric velocity of a planet, v v v c is the Keplerian velocity of this planet in a circular orbit at a given radius, τ a and τ e are the migration and circularization rates of orbits, respectively. After Moore & Quillen (2013) , we assume that τ e = Kτ a , where K is a constant between 1 and 100. We assume that τ a is a function of astrocentric distance r of the planet and time, i.e.,
where α i , τ i and T i (i = 1, 2) are constant factors in wide ranges, i.e., τ i,0 ∈ [10 6 , 10 8 ] yr, T i ∈ [10 6 , 10 8 ] yr, α 1 ∈ [−2.0, −0.1], α 2 ∈ [0.1, 2.0]. These ranges are sufficient to encompass different types of migration, both convergent and divergent. The first term, with α 1 < 0, leads to the convergent migration, while the second term with α 2 > 0 accounts for the divergent migration. For α 1 < −1.0, the period ratios of pairs of subsequent planets P i+1 /P i (where P i+1 > P i ) decrease in time, while for α 1 > −1.0 the period ratios increase.
The migration resulting from such wide ranges of the parameters may occur on very different time-scales. For instance, for the convergent term, α 1 = −1.3 and τ 1,0 = 10 8 yr, τ 1 ≈ 0.4 Myr ar r = 70 au, which is consistent with the time-scale implied by the type II migration (e.g., Kratter et al. 2010) .
To establish the orbital architecture of a studied system, there is no need to resolve all details of physical processes forcing the migration. We found that the heuristic model is sufficient for the optimization. Although permitted ranges of the migration parameters may seem unreasonably wide, we do not narrow these ranges to avoid too strict assumptions on the time-scales, for instance, on their dependencies on r.
3.2 Optimization and migration algorithm in the real world
Parametrisation and initial conditions
To initiate a single migration track of the HR 8977 planetary system, we choose at random initial, circular orbits (semi-major axes), planetary masses and the migration parameters. An initial semimajor axis of an n-th planet increases exponentially in accord with a n = a 1 exp [β (n − 1)], where β ∈ [0.2, 1.8]. Orbital longitudes of the planets are chosen from the [0, 360 • ] range. Masses of the planets are constrained through astrophysical cooling models. For instance, Marois et al. (2008) found m e = (9 ± 4) m Jup ,
−2 m Jup . The mass estimates depend on the star age, which is a matter of ongoing debate. Ages among 30 Myr, 60 Myr, 90 Myr, 160 Myr and even 1 Gyr are quoted (Baines et al. 2012; Oppenheimer et al. 2013 ). Because our dynamical model provide independent mass constraints, we considered a relatively smooth mass ranges, roughly between [2,13] m Jup for all planets, up to ∼ 20 m Jup in a few experiments. We integrate the N-body equations of motion with the dissipative term (1) added to the right-hand sides, until the migrating system becomes so compact that the orbits cannot be consistent with the observations anymore.
In this way, a given initial condition determines an evolutionary track of the system. The problem is to find the best-fitting parameters (t obs , I, Ω, ω rot ), where t obs is an arbitrary time interval counted from the beginning of the migration and (Ω, I, ω rot ) are 3-1-3 Euler angles. The best-fitting epoch t obs is a particular moment during the migration that corresponds to correct -possibly optimal -sizes of the orbits and relative orbital phases of the planets at these orbits. Three relevant Euler angles (Ω, I, ω rot ) are required to describe the orientation of an arbitrary orbital frame w.r.t the sky plane (the observer's frame). This orientation is parameterised naturally through classic 3-1-3 sequence of rotations: I is the inclination of the orbital plane, Ω is the longitude of ascending node, and ω rot is an angle measured in the orbital plane. We search for systems evolving in such a manner that being observed in a certain epoch from a certain direction, they look like the current HR 8799 system. Such particular epoch and orientation of the orbital frame together with the migration model and its parameters determine the current orbital architecture of the system. Obviously, the migration model, Eqs.1,2, is simplistic and very similar final configurations may be obtained when starting from different initial states. However, we stress that we do not aim to answer the question How the HR 8799 looked like at the early stages of its evolution?. We focus entirely on its observed, geometrical architecture and present astrometry.
Searching for the best-fitting solutions in a whole possible range of t obs would be unreasonably time and CPU consuming. The actual optimization of the measurements (searching for the minimum of χ 2 ν ) begins when the migrating system looks roughly similar to the HR 8799. This happens when the semi-major axes of four/five-planet system are confined to the following ranges: a e ∈ [12, 17] To illustrate these ideas, the left-hand panel of Fig. 1 shows an evolution of an example configuration. The top panel is for the evolution of semi-major axes. The system migrates inward in relatively short time-scale of the order of 10 5 years. The time axis of (a i ,t)− graphs ends at a moment at which a i for all planets reach the upper limits of semi-major axes quoted in the previous paragraph.
The middle left-hand panel in Fig. 1 shows the evolution of the periods ratios of pairs of subsequent planets. The red color is for P d /P e , green color marks P c /P d , while blue color is for P b /P c . Initial periods ratios are ∼ 3, ∼ 5 and ∼ 2 for subsequent pairs of the planets. After a few of 10 4 years, all subsequent pairs of planets are already locked in 2 : 1 MMRs. For each pair of subsequent planets, one of the two-planet critical resonant arguments
where λ 1,2 and ω 1,2 are the mean longitudes and pericenter arguments, is already librating around 0 • . However, the system evolves chaotically and the four-body resonant argument circulates in the whole permitted range of [−180 • , +180 • ]. The four-body critical resonant argument is a generalization of the Laplace resonant argument, i.e., θ 1:2:4 ≡ λ 1 − 3 λ 2 + 2 λ 3 , where the mean longitudes λ i , i = 1, 2, 3, are ordered from the innermost to the outermost planet. For the three-planet Laplace 1d:2c:4b MMR there is only one combination of the longitudes forming the critical resonant argument. For a four-planet 1e:2d:4c:8b MMR (actually, this is the most likely orbital configuration of the HR 8799 system found in this paper) there are more critical arguments possible. We chose the following critical argument:
which librates around 0 • in the four-planet configurations of the HR 8799 system. The bottom left-hand panel of Fig. 1 shows the time evolution of the critical resonance θ 1:2:4:8 for some time of typical migration run.
Fine tuning of the migration rates
The orbital evolution of a planetary system occurs in three different time-scales. The shortest time scale is related to the orbital periods. The intermediate time-scale is related to the long-term conservative evolution of the system (rotations of periastrons, secular and resonant modulations of the eccentricities). The longest time-scale corresponds to the migration.
After the system reaches a reasonably accurate configuration, the migration coefficients are changed to slow down the migration substantially. This is being done mostly for technical reasons, to avoid overlooking a proper configuration possibly well with the observations. If the resonant system is observed at certain epoch, its osculating Keplerian elements (semi-major axes, eccentricities, arguments of pericenters, mean longitudes) take some particular values. A configuration which fits the observations consists of appropriate shapes of the orbits, their orientations as well as orbital phases. Due to the MMR lock implying quasi-periodic conjunctions of the planets, such particular quasi-periodic, relative orbital setup repeats in space. This repetition may take quite a long time interval. In such a case, too fast migration during the repetition interval may tight the orbits too much and we can skip a correct, optimal configuration. At some instant the planets may be phased correctly by the MMR lock but their orbits are still too extended to fit the observations. However, after the next repetition period, appropriate orbital phases might appear when the migrating system is already too compact to fit the data. A slower migration increases a chance of fixing proper orbital phases simultaneously with other orbital elements of the planets.
A slow enough migration is crucial because it helps to lock the system into the multiple-body MMR. But the migration cannot be also too slow or arbitrarily slow. At the initial stages of migration, the system is strongly chaotic (see Fig. 1 ) until the four-planet MMR lock appears and the whole system may be "missed" at all due to a self-disruption. The resonance locking should then occur in a time-scale shorter than a characteristic instability time-scale. An optimal migration rate was chosen after a number of numerical experiments. We must underline that the multiple-body MMRs trapping does not occur always and "easily". The MCOA requires much care and a fine tuning in this respect.
The MCOA may be further simplified and optimized for CPU resources. Once the orbital phases and eccentricities are constrained through a resonance, the migration causes the semi-major axes decay. Because the N-body dynamics are essentially scalefree, the scale of the system may be a free (fifth) geometrical parameter of the model. We did not explore this approach in this paper, but likely that makes the MCOA run more quickly and find better fits to the observations. (Credits of this improvement go to the Reviewer).
Example evolutionary tracks of migrating systems
These thoughts and the results of accompanying experiments are illustrated in Fig. 1 . The right-hand panels of this Figure present the orbital evolution during a slow migration. Subsequent panels, from the top to the bottom are for graphs of a e (t), e e (t) and θ 1:2:4:8 (t), respectively. The migration rate for planet e is less than ∼ 1 au/Myr. After ∼ 1 Myr, the systems locks into exact 1e:2d:4c:8b MMR. Amplitudes of eccentricities e e (t) and critical angle θ 1:2:4:8 steadily decrease. After ∼ 2 Myr the simulated configuration looks like the actually observed HR 8799 system. Middle parts of the elements graphs are marked in red indicating reasonably good solutions that provide χ 2 ν < 2. This simulation concerns the actual evolution of the bestfitting four-planet model IVa, which is found rigorously stable (see Sect. 4). However, even very similar configurations can be obtained from quite different initial systems. Indeed, the next Figure 2 shows the results for a solution with marginally worse χ 2 ν . In this case the initial orbits are much more extended. A desired trapping into the 1e:2d:4c:8b MMR takes place ∼ 2 Myr before the system migrates into the observed configuration.
Figure 3 presents 1-dim scans of temporarily best-fitting inclination I and an instant χ 2 ν as functions of t obs during the stage of slow migration. These data are found for the best-fitting configuration with χ 2 ν ≈ 1.15 and I ≈ 25 • . After each period of ∼ 400 yr, which is actually the orbital period of planet b, χ 2 ν possesses minima of varying depth. Although the planets have orbital phases close to best-fitting values, other osculating elements might be still not optimal, hence we should examine a time sequence of such local minima of χ 2 ν to find the best model. If the orbital phases are distinct from their observed values, the temporal best-fitting inclination as well as the two remaining orientation angles do not take any reasonable values.
Non-standard features and limitations of the MCOA
It might be surprising that the MCOA is supposed to constrain much more parameters than the number of observations. We underline here that only four parameters of the migration model are free: three Euler angles describing orientation of the orbital frame w.r.t. the observer frame and the osculating epoch. All remaining orbital elements are self-constrained by the common migration and trapping the planets in a multiple MMR. By the design and assumptions, our approach can be useful for predicting positions of planets in multiple systems when only a few observational epochs are available (see Sec. 4). The MCOA might also help to verify if putative candidates are bounded to the star. In principle, the minimal number of required parameters (4) is equal to the number of data provided by two astrometric measurements of two companions. This may be provided by single-epoch detection of two massive, spatially close planets or sub-stellar objects which are presumably involved in a low-order MMR (Sect. 4).
The MCOA will almost certainly fail if planetary masses are small, and non-resonant configurations are possible. However, we consider here a particular class of planetary systems whose parameters are biased through natural limits of the direct imaging. The MCOA may successfully model such systems by making use of their essential physical and orbital characteristics.
A complete modeling of four-or five-planet HR 8799 configurations involves the optimization and stability analysis, and requires significant computational resources. For this work, we needed roughly ∼100 CPU cores for 2-3 weeks, to sample densely the space of the initial parameters and evolutionary tracks, and to gather possibly large statistics of the best-fitting models. The maximal Lyapunov characteristic exponent (MLCE) criterion (Cincotta & Simó 2000; Cincotta et al. 2003 ) and direct numerical integrations were used to verify stable models and to reconstruct the MMRs structures (see Sect. 5 for details). This step of dynamical post-analysis of the best-fitting models is also CPU intensive. We estimate its cost for ∼ 1000 CPU cores for 2-3 weeks.
ARCHITECTURES OF THE HR 8799 SYSTEM
To recover likely and dynamically stable models of the HR 8799 system, we consider a few orbital architectures as well as five distinct sets of observations (see Tabs. 6-9). Dataset D1 comprises of all astrometric measurements published till August, 2013. This dataset diminished by observations of planet e is called dataset D5. We analyze also dataset D2 that consists of astrometric measurements published in the discovery paper (Marois et al. 2008) . Datasets D3 and D4 mimic single-image detection of three and four planets. These sets consist of only three and four most accurate single epoch measurements, selected from the discovery paper (Marois et al. 2008 (Marois et al. ) (dataset D3, epoch 2008 and from a more recent work by Currie et al. (2011 Currie et al. ( ) (dataset D4, epoch 2009 .
We optimized a few combinations of orbital architectures labelled with Roman numbers III (three planets), IV (four planets) and V (five planets) with datasets D1-D5. In all optimization models, we assumed that masses of the planets are bounded to ∼ [2, 13] m Jup range, roughly within limits determined in (Marois et al. 2008 (Marois et al. , 2010 ), yet in a few experiments we tested also masses up to ∼ 20 m Jup limit. The masses were randomly varied within these bounds in each single run. The mass of the parent star was fixed to 1.56 Solar mass (Marois et al. 2010) , very close to the most recent estimate (Baines et al. 2012 ). The optimization algorithm was run at least ∼ 10 4 -10 5 times for each dataset-model combination. Each single run was initiated from random initial orbits and migration parameters (1) which were set in wide, yet reasonable and carefully tested ranges. As the result, we gather a set of initial conditions representing the best-fitting orbital parameters. We consider all solutions within 3σ and 6σ confidence interval of a given, best-fitting stable model.
Finally, we investigated the orbital stability of all 6σ models through direct, long-term N-body integrations up to the upper limit of the system age (160 Myr); yet we did a few experiments for 500 Myr and 1 Gyr intervals (Sect. 5). The results of the long-term integrations are interpreted through the event time T E -an interval of crossing orbits or an ejection of a planet from the system. We also reconstructed the local structure of the phase space (resonances widths) by computing the maximal Lyapunov exponent expressed through the fast indicator MEGNO (Cincotta et al. 2003) . The dynamical maps in selected orbital parameter planes were computed in resolutions up to 720 × 360. All details of the stability experiments and regarding a time-calibration of the fast indicator are given in Section 5.
The nominal model IVa: four planets, dataset D1
Model IVa combines four-planet, coplanar system and dataset D1 comprising of all available observations in the literature. The osculating astrocentric Keplerian elements together with their uncertainties are given in Table 1 . This model provides χ 2 ν ≈ 1.15. We did not find any other four-planet configuration consistent equally well with the observations. Figure 4 shows the best-fitting orbits over-plotted onto the sky plane together with the observations. The green curves show very small deviations between all stable orbits in the derived statistics within 3σ confidence level of the best-fitting model. Table A1 displays the (E, N) ephemeris between epochs 1995.0 and 2020.0. Temporal evolution of all orbits for 160 Myr is shown in Fig. 5 . This best-fitting, stable and unique orbital configuration consistent with all astrometric data corresponds to exact first order MMR, double Laplace resonance 1e:2d:4c:8b MMR. The ratios of the orbital periods for subsequent pairs of planets are very close to 2. This might be the first report of such long-term stable MMR in the literature, although this type of solution was already investigated (Esposito et al. 2013) .
The inclination of coplanar orbits to the sky plane is well constrained I ≈ 25 • ± 3 • . Statistical analysis of the rotational speed of A5 stars imply the inclination ∼ 23 degrees of the HR 8799 equator to the sky plane (Royer et al. 2007; Kaye & Strassmeier 1998; Wright et al. 2011) . In a very recent study of the HERSCHEL far-infrared and submilimeter observations of the outer debris disk, Matthews et al. (2014) measured its inclination to 26 • ± 3 • from face on and position angle of 64 • E of N, closely matching parameters of our model IVa. These results, derived independently on astrometry and on different data and observations, are very suggestive for the planetary system perfectly coplanar with the stellar equator and remnants of the protoplanetary disk.
An extensive stability study reveals that the best-fitting fourplanet configuration is strictly quasi-periodic, with the maximal Lyapunov exponent equal to 0. The direct numerical integrations do not show any sign of instability up to 1 Gyrs (for details see Sect. 5). The system is locked deeply in a four-body Laplace MMR. (Table 1) . Temporal positions of HR 8799 planets are shown for 160 Myr in the astrocentric coordinate frame, coplanar with the orbits. The inner shaded circle in the center has an approximate radius of the last stable orbit of a mass-less particle perturbed by the giant planets. This might correspond to the inner warm disk investigated in a number of papers (e.g., Moro-Martín et al. 2010; Hinkley et al. 2011; Su et al. 2009; Reidemeister et al. 2009 ).
The critical argument θ 1:2:4:8 ≡ λ e − 2 λ d − λ c + 2 λ b librates around 0 • with a semi-amplitude less than 20 • . The resonance width across the semi-major axes is between 2 au for planet b and ∼ 0.3 au for the innermost planet e. Figure 6 shows the (E, N) sky coordinates determined by the dynamically derived best-fitting solution IVa (black solid curves), as x(t) ≡ ∆α(t) and y(t) ≡ ∆δ(t), respectively, versus observation epoch t over-plotted with data points. Green dashed curves are for the best-fitting quadratic functions of x(t) and y(t), respectively. The number of measurements seems too small to constrain the parabolic model for planet HR8799 e. The dispersion of data is large, hence we also computed the best-fitting linear model (red dashed lines).
Best-fitting parameters of the linear and parabolic models of the sky coordinates express Keplerian (kinematic) approximations of the astrocentric radius r r r(t) and orbital velocity v v v(t) of each planet. These parameters are the first and second order terms of the Gibbs series ( f , g,ḟ ,ġ) in the well known formulae r r r(t) = f r r r 0 + gv v v 0 , v v v(t) =ḟ r r r 0 +ġv v v 0 , where r r r 0 ≡ r r r(t 0 ), v v v 0 ≡ v v v(t 0 ) is the initial condition at epoch t 0 . The linear model was used in previous works to bound the space of permitted orbital elements (e.g. Fabrycky & Murray-Clay 2010; Goździewski & Migaszewski 2009; Reidemeister et al. 2009 ). Due to narrow observational window this space is huge and the orbits are kinematically unconstrained. A comparison of the dynamical best-fitting solution IVa found in this work with the linear and parabolic approximations of the data (Fig. 6) shows that this rigorously stable initial condition closely matches the kinematic (or geometric) description of the measurements. Moreover, a close inspection of panels in 
HR 8799 e 9 ± 2 15.4 ± 0.2 0.13 ± 0.03 176 ± 6 326 ± 5 HR 8799 d 9 ± 3 25.4 ± 0.3 0.12 ± 0.02 25 ± 3 64 ± 3 91 ± 3 58 ± 3 HR 8799 c 9 ± 3 39.4 ± 0.3 0.05 ± 0.02 (244 ± 3) 151 ± 6 148 ± 6 HR 8799 b 7 ± 2 69.1 ± 0.2 0.020 ± 0.003 95 ± 10 321 ± 10 the dynamic model fits the measurements even better than the first terms of the Gibbs functions, particularly at the earliest HST images. This is suggestive for noticeable deviations of the N-body orbits from their first and second order Keplerian approximations.
Moreover, the model orbit of planet e (shown in bottom panel of Fig. 6 ) seems to pass in between three apparently accurate observations. This may indicate underestimated errors of the recent astrometric measurements in (Esposito et al. 2013) . These data points are likely responsible for orbital fits implying a large eccentricity of planet e or a significant non-coplanarity (Esposito et al. 2013) . Both the linear and quadratic approximations of the Gibbs series are ambiguous that leads to badly constrained initial condition for planet e if kinematic or even plain dynamical models are applied.
Statistics of all models gathered in ∼ 10 5 runs of MCOA are presented on Figs. 7 and 8. Fig. 7 shows projections of the orbital parameters onto (a i , e i )−planes where i = e, d, c, b and marked with grey filled circles. We computed the maximal Lyapunov exponent expressed through the MEGNO indicator (Sect. 5) for all these initial conditions for 160 Myr. Solutions providing | Y − 2| < 0.05 at the end of the integration time are considered as quasi-periodic and rigorously stable. Blue and red filled circles in Fig. 7 mark such stable (quasi-periodic, regular) models within the (3σ, 6σ) and 3σ joint confidence levels, respectively. The statistics demonstrate that orbital parameters in model IVa are well constrained. This is also illustrated on Fig. 4 . Green curves illustrate geometrically a dispersion of the orbital arcs of stable solutions within 3σ level around the best-fitting model. Figure 8 illustrates best-fitting models projected onto (a i , m i )−planes in the same manner as shown in Fig. 7 . Nominal masses are (9, 10, 10, 7) m Jup for planets e, d, c, b, respectively. At the beginning of each optimization run, the actual masses were selected from the normal distribution within 2 − 3 m Jup standard deviations around the nominal masses. The statistics presented in Fig. 8 reveal a relatively extended range of dynamical masses in the 4-12 m Jup rang e providing stable (quasi-periodic) solutions. This experiment shows that the astrophysical determination of the masses through cooling models are well consistent with dynamical constraints driven by the migration. This somehow contradicts previous studies concluding that the stability of HR 8799 system is possible only when the masses are at the lowest estimates (Sudol & Haghighipour 2012; Esposito et al. 2013 ).
Finally, we computed dynamical MEGNO maps in the (a i , e i )-planes of osculating elements for all planets (see model IVa in Table 3). The results are shown on Fig. 9 . The nominal best-fitting model IVa, which is marked with a star symbol, is found in relatively extended zones of stable motions. These islands reveal complex structure of the 1e:2d:4c:8b MMR, demonstrating that solution IVa is deeply locked in this multiple resonance. See also Sect. 5 for the event time T E maps and the critical argument θ 1:2:4:8 in a close neighborhood of the best-fitting model IVa. 
Independent refinement of Fit IVa through GAMP
MCOA is CPU demanding and complex algorithm that requires many trials to derive the best-fit model. To verify that Fit IVa is indeed optimal, and to better characterize this solution statistically, we applied other, independent method of constrained optimization which is called GAMP (acronym of the Genetic Algorithm with the MEGNO Penalty) . GAMP relies on penalizing unstable dynamical models by some large value of χ 2 ν . In this experiment, the inclinations and masses are free parameters of the model. Masses were searched in the [4, 20] m Jup range, and inclinations in the [10 • , 33 • ] range, respectively. Other parameters are confined to a hyper-cube around Fit IVa bounded by roughly ±20% deviations from each orbital element in model IVa. At the optimization stage, the penalty term (system stability) is examined through the MEGNO indicator, equivalent to the Lyapunov exponent. This indicator must be evaluated for possibly short time-span 1,000-2,000 outermost periods of planet b, due to significant CPU overhead. As the result, we gathered 3000 stable models with 1.13 < χ 2 ν < 1.15 computed with 4 degrees of freedom (DOF), in accord with Sect. 3.2. Each solution in this set formally better in terms of χ 2 ν than Fit IVa, and roughly within 3σ of the best fit model found in this independent search with χ 2 ν ≈ 1.5 for 28 DOF (all orbital elements and masses). For each of these models, we calculated MEGNO for 32,000 periods of planet b (16 Myr). We verified (Sect. 5) that MEGNO converged to (2 ± 0.05) indicates a solution dynamically stable for at least 10 times longer motion times.
The results (stable solutions in the 1σ range of the best fit GAMP model) are shown in panels of Fig. 10 , which are projections of the found models onto two parameter planes: the semimajor axis vs. eccentricity, and the inclination vs. mass. In all cases, the nominal fit is located roughly in the middle of the stable set. All inclinations remain within a few degrees around Fit IVa, and masses are found systematically below ∼ 14m Jup and ∼ 18m Jup for two inner planets, and two outer planets, respectively. The results confirm that Fit IVa is robust to relatively large masses, still well consistent with the estimates from cooling models. The spread of individual inclinations may be estimated as ∼ 5 • around IVa value of ∼ 25 • .
Statistical study of migration
We used the heuristic model of migration (Eq. 1) to find how frequently a particular four-planet MMR chain forms, dependent on planetary masses and time-scales of migration. In a first experiment we fixed planetary masses at their nominal values in the HR 8799 system, i.e., 9, 10, 10, 7 m Jup (counting from the innermost to the outermost planet, respectively). Parameters of the migration model were chosen randomly from wide ranges. Using notation in Sections 3.1 and 3.2, these ranges are the following: log 10 τ 1,0 (yr) ∈ [6, 10], log 10 T 1 (yr) ∈ [6, 10], K ∈ [1, 100], α 1 ∈ [−2.0, −0.1]. The second term τ 2,0 was not taken into ac- Figure 7 . Best-fitting solutions projected onto semi-major axis -eccentricity planes for subsequent planets. The star symbol marks the nominal, best-fitting solution in Tab. 1. Grey circles are for all solutions within 6σ confidence interval ( χ 2 ν < 1.5). Blue and red circles are for rigorously stable models in the range of (3σ, 6σ), (1.2 < χ 2 ν < 1.5) and within 3σ ( We found that slightly less than 20 % of simulations (18 %, 1739 of 9488) ended up as stable resonant configurations. The most frequent chain of MMRs is 3 : 1, 2 : 1, 2 : 1, i.e., 1e : 3d : 6c : 12b MMR. More than a half of stable final systems are of this type. Another solutions 3 : 1, 3 : 1, 2 : 1 (17 %) and 4 : 1, 3 : 1, 2 : 1 (14 %) are also relatively common in a sample of final configurations. The double Laplace MMR (2 : 1, 2 : 1, 2 : 1 or equivalently 1e : 2d : 4c : 8b MMR) appeared in ∼ 10 % of the stable runs. By a resonant four-planet configuration we mean a configuration characterized by its critical argument φ librating around a particular libration center. Table 2 summarizes the results obtained for the nominal masses of the planets, as well as masses 50 % higher and 50 % lower than these values, respectively.
When masses of the planets are smaller than the nominal values, i.e., 4.5, 5, 5, 3.5 m Jup , a fraction of systems that survived the integration time increases to ∼ 29 % (2878 of 9960). The number of possible final configurations also increases. Some of MMR chains absent in the previous test appear for smaller masses, e.g., 2 : 1, 2 : 1, 3 : 2 (13 % of stable systems). The double Laplace MMR now appears more frequently (∼ 20 %), while 3 : 1, 2 : 1, 2 : 1 appears in ∼ 38 % cases, i.e., less frequently when compared to the previous test.
When masses are increased (13.5, 15, 15, 10.5 m Jup ), only ∼ 12 % (1196 of 10235) of systems end up as stable chains of MMRs. Moreover, there are fewer possible final configurations. Particularly, the double Laplace resonance does not appear at all. Three most common chains of MMRs constitute ∼ 92 % of stable systems. This test could provide us an upper limit on planetary masses in the HR 8799 system. For planets massive enough, the double Laplace resonance, which best matches the observations, may unlikely form through convergent migration of already formed planets. We would like to warn the reader, that the migration model may be too simplistic: for instance, it does not take into account any (possibly substantial) mass increase during the migration. Any definite conclusions should be taken with much caution here.
Because parameters of the migration model were chosen from very wide ranges, planets migrate in different time-scales, from one simulation to another. This leads to different final MMR configurations. Figure 11 presents the results for four most common MMRs obtained during simulations with the nominal masses. The Figure 8 . Statistics of the best-fitting solutions to four-planet model IVa and dataset D1 illustrated as projections onto semi-major axis -masses planes for subsequent planets. The star symbol marks the nominal, best-fitting solution IVa in Tab. 1. Grey circles are for all 6σ solutions with χ 2 ν < 1.5. Blue and red circles are for rigorously stable models in the range of (3σ, 6σ), 1.2 < χ 2 ν < 1.5, and within 3σ ( χ 2 ν 1.2), respectively. Their | Y − 2| < 0.05 for the integration time-span of 160 Myr, covering a few estimates of the HR 8799 lifetime. . Time scales of migration τ ≡ a/ȧ for a given planet before MMR capture with a neighboring planet. Each column is for a different multiple MMR chain. Red color marks values of τ for the innermost pair (planets numbered as 1 and 2), green color is for the middle pair (planets 2 and 3), and blue color is for the outermost pair (planets 3 and 4), respectively.
left-hand part of the diagram shows the time-scales for the double Laplace resonance. The red filled circles present average values of L ≡ log 10 τ(yr) ≡ log 10 a/ȧ for two innermost planets just before they are captured into the 2 : 1 MMR. The standard deviation of σ L is depicted by the bars. The planets migrate in average time-scales of ≈ 1 Myr, i.e, L ≈ 6 (note that the second planet migrates slightly faster), with σ L ≈ 0.5. Green filled circles present L for the middle pair of planets, while blue filled circles are for the outermost pair. The migration time-scale required to form the double Laplace MMR is of the order of 1 Myr. The MMRs chain 3 : 1, 2 : 1, 2 : 1 form when the migration occurs slightly slower (2 − 3 Myr on average). Another two chains 3 : 1, 3 : 1, 2 : 1 and 4 : 1, 3 : 1, 2 : 1 appear for even larger L. The latter MMR chain form typically for L ≈ 7 for a middle pair of planets. The inner pair migrates slower, while the outer pair migrates typically faster. The general conclusion is that the characteristic time-scales of migration leading to a particular chain of MMRs, are different for different chains.
Model IVb: could be planet HR8799 e predicted?
Decades of observations are required to constrain orbital parameters of very long-period planets with standard methods. Relying on discrete and in some sense deterministic outcomes of the migration algorithm, we may consider different architectures of the resonant systems with even very limited observations. At an extreme case, we may turn back to 2008, when measurements for three outer planets were published in the discovery paper (Marois . Two years later, the fourth planet was detected. Having in mind the multiple MMR model of the four-planet system, we may ask: could be the fourth planet predicted or found in the present, observed place if we did not have even a single data point for this planet?
Following the general idea, we assume that orbits of planets b, c and d, as well as the "unseen" planet e are outcomes of the migration scenario. The Laplace 1d:2c:4b MMR of the outermost planets found in the early dynamical papers must be not necessarily preserved by the four-planet architecture. Actually, the literature is not consistent about this problem. For instance, due to mutual interactions and complex dissipative evolution, the 1c:2b MMR between planets c and d might be changed to 1c:3b MMR. Many other two-body resonances are possible as well (see Sect. 4.2). The primary factor that makes it possible to distinguish between these cases are the observations. Assuming that the system as a whole evolves towards certain, discrete and small number of states (multiple MMRs), the observations "decide" which configuration is the right one.
We performed a series of simulations concerning the fourplanet model and D5 dataset to test this idea. In this scenario the innermost planet e is unseen, and the four-planet model combined with dataset D5 is called model IVb. The results of the MCOA search are illustrated in Figs. 12,13 and 14. Similarly to the model IVa, Fig. 12 illustrates projections of the best-fitting osculating elements onto different planes. Grey filled circles are for solutions with χ 2 ν within the 6σ confidence level, while red and blue filled circles are for 3σ models. The statistics reveals that configuration involving 1e : 2d MMR describes dataset D5 better than two other configurations with 1e : 3d MMR and 1e : 4d MMR.
We should realize here that multiple resonant configurations are determined not only by a e , but may be also distinguished due to different e d , e c , e b . For instance, the initial conditions for a system involved in the 1e:2d:4c:8b MMR and in the 1e:3d:6c:12b MMR are significantly different. This is clearly seen in the (a e , e c )-panel in Fig. 12 . Because e i are different in these two concurrent solutions, also the best-fitting inclinations are different, as shown in the top-left panel of Fig. 14) . While the 1e : 2d MMR implies I ≈ 25 • , the best-fitting models with 1e : 3d MMR and 1e : 4e MMR provide much larger inclination, i.e., I ∼ 35 • . The 1e:2d:4d:8b MMR is favored due to lowest value of χ 2 ν and because its inclination matches closely the inclination of the stellar equator ∼ 25 • .
These results suggest that the optimization of the four-planet model with yet undetected innermost planet might at least help to narrow the search areas for such a putative object and to interpret the speckle images. Figure 13 shows the actual observations Best-fitting solutions to four-planet model IVb (with "unseen" planet e) and dataset D5 comprising of all observations of three planets b, c, and d, without data for planet e, projected onto (a e , x)−plane, where x is e e , e d , e c , e b . Grey symbols denote solutions within 6σ confidence interval ( χ 2 ν < 1.5), blue and red symbols are for stable solutions with (3σ, 6σ), equivalent to 1.2 < χ 2 ν < 1.5, and for 3σ models ( χ 2 ν < 1.2), respectively. Black curve is for the best-fitting model, green curves are for 3σ solutions and grey curves are for 6σ models ( χ 2 ν < 1.5). Right panel: A close-up of the left panel. The black curve is for the best-fitting stable solution IVb, grey dashed curve is for the best-fitting nominal, four-planet model IVa. Figure 14 . Parameters of the best-fitting model IVb to dataset D5 projected onto (a e , I)−, (P d /P e , P c /P d )−, (P d /P e , P b /P c )−, and (a e , critical angle)−planes. The star symbol marks the nominal, best-fitting solution. Grey filled circles are for all solutions within 6σ confidence interval, χ 2 ν < 1.5. Blue and red filled circles are for rigorously stable models in the range of (3σ, 6σ), equivalent to 1.2 < χ 2 ν < 1.5, and within 3σ confidence level ( χ 2 ν 1.2), respectively. of planet e in dataset D1 (let us recall: these data were not used in the IVb experiment) with the best-fitting orbits of model IVb overplotted. For a reference, the left-hand panel of Fig. 13 illustrates the best-fitting orbit IVa (dashed curve) and arcs of rigorously stable configurations (solid curves) in model IVb, respectively. Black curve is for the best-fitting model IVb, grey curves are for configurations IVb within 6σ, while green curves illustrate solutions within 3σ confidence levels. Remarkably, the best-fitting stable solutions IVb are consistent with the actual observations as well as with the full model IVa. The right-hand panel of Fig. 13 shows a close-up of the previous plot. The best-fitting orbits IVb (black curve) are plotted together with the best-fitting nominal four-planet model IVa (grey dashed curve). Positions of the planets at the observational epochs are marked with small tics. Clearly, these two orbits almost overlap.
Finally, we carried out a number of simulations to examine whether the four-planet model with unseen planet e might provide better fits than the three-planet model. Both these models appear to match observations in dataset D5 equally well.
Models IIIa, IIIb and IVc: single-image characterisation
The orbital periods of directly imaged planets usually count in tens or hundreds of years. The common optimization techniques require long period of observations to establish the true orbital architecture. The literature devoted to the HR 8799 system is a good evidence of this apparently unavoidable problem. However, if a multiple, resonant configuration is observed, the migration algorithm may be helpful to constrain its orbits even by one single-epoch observation. This means basically single-image orbital characterisation of the system, although in the real world much longer observational time span is required, for instance, to confirm common proper motion and the same parallax at least two, well separated epochs are required.
Model IIIa: the data in (Marois et. al 2008) revisited
Dataset D2 in (Marois et al. 2008 ) serves as a good example of time-limited observations, which were examined by many groups. We performed the migration constrained optimization of these data with three-planet model (IIIa). This example might be also thought as an excellent test-bed of the MCOA.
Osculating elements of best-fitting model IIIa for the epoch Table 2 . Percentage of simulated MMRs for different masses of planets, i.e., the nominal masses of 9, 10, 10 and 7 m Jup from the innermost to the outermost planet, respectively (middle column), all masses increased by 50 % (left-hand column) and decreased by 50 % (right-hand column), respectively. A notion of "< 0.1" means that there was one or at most two solutions of a given type, while "−" means no solution of this type. t 0 = 1998.71 are given in Tab. 4. Figure 15 shows the orbital geometry of model IIIa (solid grey curves) compared to model IVa (dashed curves), and overplotted on orbital arcs of stable solutions within 3σ-confidence level (green curves). The three-and four-planet models can be hardly distinguished, suggesting that the Laplace resonance of three outer planets is particularly robust for a perturbation, as large as the inner planet e may introduce. The statistics of best-fitting models with χ 2 ν within the 6σ confidence interval is shown in Fig. 16 . This result confirms and complements the earlier literature data. Similarly to model IVa, we found relatively wide mass ranges of rigorously stable solutions (the right-hand column in Fig. 16 ) which are fully consistent with astrophysical estimates, independent on the geometric model of orbits. Our stable models cover smoothly both the 10-10-7 m Jup range as well as the 7-7-5 m Jup . The statistics of stable models suggests the upper limit of masses ∼ 13 m Jup . In spite of many trials with masses extended to ∼ 20 m Jup , we could not find any stable configurations with masses above this limit which are consistent with observations at least at the 6σ confidence level. Such a limitation indicates that the HR 8799 companions are really planets with masses below the deuterium burning limit.
We also computed dynamical maps for the best-fitting model (Fig. 17) , which corresponds to three-planet configuration deeply involved in the classic Laplace 1d:2c:4b MMR. The bottom-right panel illustrates the critical argument θ 1d:2c:4b = λ d − 3λ c + 2λ b that librates around 90 • . The best-fitting configuration is found in the central part which perfectly overlaps with the minimum of the critical angle θ1d:2c:4b librating with a semi-amplitude ∼ 20 • . Remarkably, the system is found long term-stable for at least 160 Myr in quite an extended area which is much wider than the MEGNO zone of quasi-periodic, stable motions (not shown here).
Single-image characterization of a three-planet model
Going further, to mimic a single-image detection of three outermost planets, we chose only one, single epoch 2008.61 and three measurements for outer planets from the discovery paper (Marois et al. 2008) . Epoch 2008.61 refers to the most precise measurement. We optimized three-planet model (IIIb) with this dataset D3. The results are presented on Fig. 18 . Red filled circles pointed out with an arrow are for the D3 observations, while yelow/black circles mark all remaining observations (dataset D5), as the reference data. The best-fitting orbits of model IIIb are plotted with black solid curves, while the dashed curves are for the best-fitting solution IVa (fourplanets, full dataset D1). Orbits plotted in grey have χ 2 ν < 1.0. Surprisingly, even the single-epoch measurements are sufficient to Figure 16 . Best-fitting three-planet models IIIa to the data published in the discovery paper (Marois et al. 2008) , dataset D2, projected onto planes of the semi-major axis -eccentricity (left column) and the semi-major axis -masses (right column), respectively, for subsequent planets. The star symbol marks the nominal, best-fitting solution. Grey filled circles are for all solutions within χ 2 ν < 1.5 (roughly 6σ confidence level). Blue and red circles are for rigorously stable models in the range of (3σ, 6σ) (< 1.2 χ 2 ν < 1.5), and for the 3σ ( χ 2 ν 1.2) confidence levels, respectively. Their | Y − 2| < 0.05 for the integration time-span of 160 Myr covering assumed lifetime of HR 8799.
constrain the orbits. Clearly, both orbital geometries closely overlap.
The stable Laplace MMR island of best-fitting model IIIb is illustrated in dynamical MEGNO map for planet HR 8799c shown in the left-hand panel of Fig. 19 . A quasi-periodic character of this solution assures us that this configuration survives for more than 160 Myr without any sign of instability. In fact, this particular solution IIIb has the MEGNO signature ∼ 2 after 160 Myr that guarantees its stability for times 1-2 orders of magnitude longer, for 1 Gyr or longer. Figure 17 . Dynamical maps in terms of the maximal Lyapunov exponent, expressed by the MEGNO fast indicator Y , in the semi-major-eccentricity planes for subsequent planets in the HR 8799 system with three planets. This is the best-fitting model IIIa to astrometric data in the discovery paper (Marois et al. 2008) . The bet-fitting configuration is deeply locked in the classic Laplace resonance. The semi-amplitude of this MMR around 90 • is shown in the bottom-right panel. 
Single-image characterization of a four-planet model
We did a similar experiment simulating single-epoch detection of four planets (model IVc). Dataset D4 which is optimized consists of most accurate four data points at epoch 2009.77 in (Currie et al. 2011) . The results are shown on Fig. 20 in the same manner as Fig. 18) . Clearly, the best-fitting orbits derived from the full dataset D1 and from a single-epoch image D4 agree amazingly well. The best-fitting solution is found in the center of stable MMR island (the right hand panel of Fig.19 ). The double Laplace MMR lock is so robust and bounded in the orbital parameter-space that even the minimal data are sufficient to constrain its orbital configuration in space.
Model V: the fith planet in the HR 8799 system?
The migrating HR 8799 planetary system stabilized by the MMRs might involve more planets orbiting interior to the orbit of planet e. There is a free space up to the distance ∼ 15 au comprising of a few low order MMRs with planet e, like 1f:2e (∼ 10 au), 1f:3e (∼ 7.5 au), and 2f:5e (∼ 8.5 au). A detection of so close objects overshined by the star is certainly very difficult. The contrast re- Figure 19 . Dynamical maps in terms of the MEGNO Y in the semi-major axis -eccentricity planes for planet HR 8799 c. Left-hand panel illustrates the best-fitting solution IIIc to only three data points in the discovery paper (Marois et al. 2008 ) mimicking a single-image detection of three outer planets. Similarly, right-hand panel is for the best-fit model IVc to four data points in (Currie et al. 2011 ) that might represent a detection of four planets at single image. The star symbol marks the best-fitting model. Resolution of each map is 720 × 360 initial conditions. The integration time for each pixel is ∼ 10, 000 orbital periods of the outermost planet ( 5 Myr). quirements and angular resolution are extreme in such a case, at the technical limit of the direct imaging. The negative results of the search for the fifth planet by Skemer et al. (2012) put the upper orbit limit for the hypothetical object to 1f:2e MMR with the innermost planet, provided that this new planet has similar mass to planet e. We may note that the zone inner to ∼ 8 au orbit suffers from exponential degrading of the contrast (see Fig. 3 in Skemer et al. (2012)), and, actually, less massive and luminous object might be still present. The results Hinkley et al. (2011) also do not exclude a lowmass object with the mass below 11 m Jup between 0.8 au and 10 au. Moreover, the warm disk gap interior to ∼ 6 au (Su et al. 2009; Hinkley et al. 2011; Oppenheimer et al. 2013 ) is incompatible with the results of simulating the lifetimes of massless particles in the four-planet system (our model IVa). We integrated ∼ 1000 probe particles placed at a p ∈ [2, 16] au with initially random eccentricities e p ∈ [0, 0.3] and with random orbital phases ∼ [0, 360 • ]. The event time T E graph in Fig. 21 reveals that low-mass objects (large dust particles, colliding asteroids producing that dust) could survive for at least 160 Myr in the innermost zone of the system that ends at ∼ 6-7 au.
Note that due to random distribution of initial eccentricity, T E cannot be uniquely determined, hence the plot illustrates a border of stable orbits in statistical sense. To confirm this result for non-zero mass objects, we carried out much more extensive multidimensional scan in the orbital elements space. The probe mass of ∼ 0.001 m Jup was placed in orbit interior to planet HR 8799e, with the semi-major axis a f ∈ [4.5, 10.5] au. Next, for each point of the pericenter argument and the mean anomaly at the grid with 3 • × 3 • resolution and spanning full angle, the initial eccentricity was sampled from uniform distribution e f ∈ [0, 0.3]. Each orbit was then MEGNO-integrated for 1 Myr. The results are shown in Fig. 22 . Each point in this Figure marks quasi-periodic (stable) orbit. The tested region of innermost orbits is filled with multiple MMRs. The bottom plot shows that stable MMRs are possible only for particular initial relative phases of the probe mass. Overall, interior to the ∼ 6-7 au his zone is basically stable, in accord with two orders of magnitude longer, direct integrations illustrated in Fig. 21 . The re- sults may be also helpful to determine possible locations of small planets in the system, below the current detection limit. This experiment also suggest that the presence of a relatively massive object interior to planet e could further clear or sculpt dynamically the innermost debris disk.
Before examining such a hypothesis of less-massive fifth planetary object, we carefully verified that the migration algorithm "predicts" correctly planet e. We would like to recall that the obser- vational circumstances were easily simulated by optimizing fourplanet model to all observations of only three outer planets d,c, and b (dataset D5). Indeed, the best-fitting simulated configuration found the "missing" planet e perfectly in place of the actual detection. Moreover, stability constraints even narrow possible outcomes of MCOA to agree with the best-fitting, nominal four-planet model IVa (see Figs. 12-14) . We carried out a similar experiment regarding yet unseen, hypothetical innermost planet f. An extension of model IVb to five planets is quite straightforward. This model V combines the full dataset D1 with a five-planet system. The simulated mass range of planet f is assumed similar to planet e, around 6 m Jup with a significant dispersion ±4 m Jup .
The results of more than 10 5 single runs of MCOA are illustrated in Figs. 23, 24 and 25. Figure 23 illustrates the sky-plane geometry of the statistics of solutions within 6σ confidence level. Figure 24 shows the osculating elements and masses of the hypothetical planet projected onto the planes of the semi-major axis -eccentricity (the left-hand panel) and onto the semi-major axis -mass (the right-hand panel). The measurements are consistent with two MMRs chains resulting in similar χ 2 ν ∼ 1.18 -the five-planet triple Laplace resonance, 1f:2e:4d:8c:16b MMR, and the five-planet 1f:3e:6d:12e:24b MMR, which we refer to as the 1f:2e MMR and the 1f:3e MMR for short, respectively. A multiple MMR comprising of the 2f:5e MMR combined with double Laplace MMR of four outer planets is also possible but this solution has significantly larger χ 2 ν ∼ 1.25. Each of the two dominant MMRs appears as two well bounded families of orbits which are differently phase-spaced. These families are distinguished by particular critical argument of the MMR. We call them Va (1f:3e MMR with χ 2 ν ∼ 1.176), Vb (1f:3e MMR with χ 2 ν ∼ 1.177), Vc (1f:2e MMR with χ 2 ν ∼ 1.169), and Vd (1f:2e MMR with χ 2 ν ∼ 1.25) from hereafter (see also Tab. 5 and ephemeris tables, Tabs. A2-A5 for all models). We note that the outer planets are always involved in a double Laplace resonance, 1e:2d:4c:8b MMR.
Overall, the best-fitting mass ranges of the putative fifth planet seem well correlated with the MMR type. The triple Laplace MMR favours planets with ∼ 1-4 m Jup , while stable 1f:3e MMR solutions permits the masses much larger, ∼ 2-8 m Jup (see the right-hand panel in Fig. 24) .
We tested the long-term stability of ∼ 2000 solutions within 6σ confidence interval of the best solutions with χ 2 ν ∼ 1.18, by integrating MEGNO for 160 Myr. The results of detailed dynamical analysis combined with χ 2 ν seems to narrow the likely positions of planet f to basically four well bounded locations. The dynamical maps computed for lowest χ 2 ν solutions in each family are illustrated in Fig. 26 . Except for the 1f:2e MMR model Vc, these . Orbital parameters of the five-planet model V regarding yet unseen, hypothetical planet HR 8799f. These parameters are projected onto semi-major axis -eccentricity (left) and the semi-major axis -mass (right) planes of this planet, respectively. The red and white star symbols mark the nominal, best-fitting solutions that correspond to distinct families of these models: the 3f:1e MMR ( χ 2 ν = 1.176) and 2f:1e MMR ( χ 2 ν = 1.169), respectively. Grey circles are for all (also unstable) solutions with χ 2 ν < 1.5. Compare these results with simulations of the stability of less-massive objects interior to planet e, shown in solutions are found in the centres of islands of long-term stable motions. Models Va, Vb, and Vd are long term stable. For a reference, the orbital architecture of model Va (a family of the 1f:3e MMR) for 160 Myr is illustrated in Fig. 27 . This plot marks also the inner, thin disc of the habitable zone extending roughly to ∼ 4 au, interior to the orbit of planet f. The region inner to orbit of planet e may contain a warm debris disk detected by SPITZER (Su et al. 2009; Reidemeister et al. 2009 ). The dynamical structure of this region is certainly very complex. We postpone its analysis to a future paper.
The Vc solution (1f:2e MMR) is found as marginally stable. This is confirmed by Fig. 28 which illustrates the MEGNO behaviour for this model, as compared to the rigorously stable model Va. The best-fitting configuration disrupts after ∼ 120 Myr, although is found at the edge of quite extended stability zone (see also the T E dynamical map in Fig. 30 and a discussion in Sect. 5).
Our predictions do not contradict a negative result of the search for the fifth planet in (Skemer et al. 2012) . For instance, the 1f:3e MMR orbits are systematically closer to the star than the 1f:2e MMR orbits (see Fig. 25 ). At distances ∼ 8 au the contrast of LBT images drops exponentially, see Figs. 3 in (Skemer et al. 2012) and in (Esposito et al. 2013) . We also note that the 1f:2e MMR models systematically tend to low masses of ∼ 2-3 m Jup , hence the Figure 27 . The orbital architecture of the HR 8799 system, in accord with the best-fitting, coplanar and long-term stable model Va of five planets involved in the 1f:3e:6d:12e:24b MMR. This solution results in χ 2 ν = 1.176 and its osculating elements are given in Table 5 . The new planet would be in the 1e:3f MMR with HR 8799e. Orbital positions of HR 8799 planets are shown for 160 Myr in the astrocentric coordinate frame, coplanar with the orbits. The innermost green circle in the center has the radius of ∼ 4 au and corresponds to the outer edge of the habitable zone in the HR 8799 system. object would have much lower luminosity than (Skemer et al. 2012 ) tested on fake images.
In all examined models the resonance islands span up to ∼ 0.1 au, hence are extremely narrow when compared with the overall dimension of the system (∼ 100 au). This is a clear warning that a search for the fifth planet with the common, "traditional" optimization methods would be difficult and unlikely possible due to large number of free parameters and narrow observational window. With the help of MCOA, planet f may be "pre-detected" without even seen it first at the images. The predictions and ephemeris data (Tabs.A2-A5) might be helpful to confirm or withdraw this intriguing hypothesis.
DYNAMICAL STABILITY AND NUMERICAL SETUP
A marginal dynamical stability of HR 8799 system is a common problem highlighted in the literature. Similarly to most papers published so far, we solved numerically the Newtonian, N-body equations of motion to track the dynamical evolution of particular bestfitting solutions. The results of stability analysis in the same dynamical framework may be then easily compared with the previous studies.
Planets and the host star in our numerical experiments are approximated by point masses. The estimated system age in the range of [30, 160] Myr (Marois et al. 2010 ) is equivalent to [6, 32] × 10 4 orbital periods of the outermost planet. In such time-scales, the short-term dynamics is governed by low-order MMRs. Our dynamical model neglects the general relativity, as well as conservative and dissipative tidal body-body interactions. Such perturbations are scaled with large negative powers of semi-major axes (e.g., Migaszewski 2012, and references therein). We also do not include tidal interactions of the planets with two remnant disks. In the recent paper, Moore & Quillen (2013) show that the outer disk might influence the system stability. However, their N-body four-planet model is marginally stable only for a few Myr. We postpone a similar study making use of updated initial conditions of the HR 8799 system to another work.
The conservative, Newtonian N-body model permits to introduce at least two notions of the dynamical stability. The direct, long term numerical integrations make it possible to investigate the Lagrange or astronomical stability. The astronomical stability may be expressed by the event time T E of a collision between planets (orbits crossing) or an ejection of a body from the system. The direct 160 Myr integrations of the equations of motion for one initial condition of five-planet system require CPU time counted in hours. Such a significant CPU overhead is not suitable to illustrate the global dynamics of the system. Stability of planetary configurations may be also expressed through the maximal Lyapunov characteristic exponent λ (MLCE). The MLCE is a fundamental measure of the divergence of initially close trajectories in the phase space. A non-zero value of MLCE indicates a chaotic (unstable) system. Chaotic motions in a regime of strong, low-order MMRs may lead to short event times (e.g. . To compute MLCE, we use an effective algorithm of the Mean Exponential Growth factor of Nearby Orbits Y ( MEGNO Cincotta & Simó 2000; Cincotta et al. 2003 ). An uniform definition of this fast indicator describes two basic classes of motions in the phase space:
where for the regular, stable quasi-periodic solutions λ = 0, d 2, and for chaotic (unstable solutions) λ > 0 and d 0. MLCE measures the slope of linear function for the chaotic solutions, hence an approximation of MLCE after time t:
This technique requires relatively short arcs of the phase space trajectories, equivalent to a few of 10 4 orbital periods of the outermost planet (characteristic periods; let us recall that 10 4 outermost orbital periods of HR 8799b translates to roughly 5 Myr). This makes it possible to construct high-resolution dynamical maps in selected planes of orbital parameters with much smaller CPU overhead than required by the direct N-body integrations.
There is no simple nor uniform relation between the MLCE and the event time. We performed a number of experiments to calibrate a link between the MEGNO interval and the direct integration time.
To examine the dynamical stability of isolated best-fitting models gathered in Figs. 7, 8, 12, 14 and 16, we computed MEGNO for the upper limit of the system age (160 Myr). To conserve the total energy and angular momentum with the relative accuracy ∼ 10 −9 , we apply the tangent map algorithm ) that makes use of the fourth-order SABA 4 symplectic integration scheme (Laskar & Robutel 2001) .
Step sizes of the symplectic tangent mapping are usually 256 or 384 days for the fourplanet configurations and 128 or 256 days for the five-planet configurations. We verified these settings with an accurate but 2-3 times less CPU-effective Bulirsh-Stoer-Gragg scheme [the ODEX code Hairer et al. (1993) . Dynamical maps Y , in the semi-major-eccentricity plane for the best-fitting five-planet models including a hypothetical planet HR 8799 f. This planet might be involved in the 1e:3f MMR, or in the 1f:2e MMR with planet HR 8799 e. The star symbol marks the best-fitting models in Tab. 5 (subsequent plots are labelled accordingly), see also Figure 25 . Two upper right-hand panels are for close-ups of solutions Va and Vc with smallest χ 2 ν . The resolution of all maps is 640 × 320 pixels. The integration time for each pixel is ∼ 20, 000-30, 000 orbital periods of the outermost planet ( 10-15 Myr).
The right panel compares two other solutions corresponding to fiveplanet models Va and Vc, labelled with 1f:3e and 1f:2e, accordingly (see their orbital geometry in Fig. 25 and elements in Table 5 ). The MEGNO convergence of the 1f:3e solution Va is similarly perfect for 100 Myr. This is not the case for the 1f:2e MMR solution Vc. After ∼ 15 − 20 Myr, the indicator starts to grow roughly in linear rate indicating weakly chaotic configuration. The direct N-body integration shows that this system disrupts due to crossing orbits after ∼ 120 Myr. This illustrates a well known instability due to secular interactions in multiple MMRs (e.g. Murray & Holman 2001; Guzzo 2005; Quillen 2011) . A proper choice of the integration time to compute MLCE is a delicate matter (Sussman & Wisdom 1992) .
To resolve the structure of the phase space, and to measure the width of MMRs, we computed a number of dynamical MEGNO maps. The MEGNO integration time was set to ∼ 5-12 Myr, which is equivalent to ∼ 10, 000-25, 000 characteristic periods. We carefully validated this choice. The MEGNO maps in the (a c , e c )-plane for the best-fitting four-planets model IVa (Fig. 9) , and the fiveplanet models Va and Vc (Fig. 26) were compared with the event time maps in Fig. 29 and Fig. 30 . In the MEGNO maps, similar to all such maps in the text, stable, quasi-periodic solutions with Y 2 are always marked in blue. Yellow color encodes strongly unstable (chaotic) models with Y 5, as usually the integrations were stopped if Y 5. Intermediate values of MEGNO between 2 and 5 correspond to chaotic solutions too.
For the event time maps in Fig. 29 (top-left panel) and Fig. 30 , the equations of motions were integrated for the maximum time span of 160 Myr. Maps in the top-right and bottom-left panels of Fig. 29) were integrated for longer intervals. In this way, three subsequent panels in Fig. 29 are for gradually increased limit of the integration time from 160 Myr (top-left panel), to 500 Myr (top-right panel) and 1 Gyr (bottom-left panel). We may observe that the maximal T E zone shrinks with the longer integration times. However, the boundary of T E map for 1 Gyr perfectly matches the boundary of quasi-periodic motions in the MEGNO map (see top-rght panel in Fig.9 ). This experiment assures us that initial conditions of four-planet models identified with MEGNO as quasi-periodic for time T ∼ 10 Myr (typical integration period of MEGNO) may be safely considered as astronomically stable for ∼ 10 2 T that translates to ∼ 1 Gyr interval encompassing all current estimates of the HR 8799 lifetime. This estimate for five-planet systems might be too optimistic, however the MEGNO maps match at least the T E maps computed for the maximal time of 160 Myr.
Remarkably, a single integration of symplectic MEGNO for ∼ 10-15 Myr takes roughly up to 10 minutes of CPU per initial condition, depending on the N-body model, integrator and the mapping step size. Even with such reasonable CPU overhead, a quasiglobal analysis of the dynamical stability still require significant CPU power which is inaccessible on a single workstation. For instance, a single symplectic MEGNO map in the 720 × 360 resolution occupied up to 512 CPU cores for up to 1-2 days supercomputers chimera and cane installed in the Poznań Supercomputer Cen-tre PCSS, Poland. To perform massive numerical experiments in this work, we applied our new CPU cluster environment Mechanic (Słonina et al. 2014) and simple codes written with the standard Message Passing Interface (MPI).
CONCLUSIONS
The HR 8799 is one of most exotic and intriguing extrasolar planetary systems detected so far. Any definite conclusion on its current state suffers from ambiguities concerning its formation history, age and companion masses. The astrometric data still cover only tiny arcs of the orbits and are relatively inaccurate. To overcome this problem, we invented new optimization algorithm constrained through planetary migration (MCOA). This algorithm makes it possible to derive a self-consistent dynamical model of the HR 8799 system perfectly matching all observations and independent mass estimates. This model is rigorously stable for any estimate of the star age, between 30 Myr and 1 Gyr. Our results are suggestive for the formation of all HR 8799 planets in wider orbits that migrated shortly to their observed orbits. Indeed, the signatures of an extremely massive and dense protoplanetary disk revealed by SPITZER observations, indicate both a rapid formation of massive planets and their common migration. Moreover, the orbits are locked into an amazingly ordered chain of double Laplace MMR 1e:2d:4c:8de. The mass ranges remain below the brown dwarf limit and confirm dynamically the planetary nature of the HR 8799 companions.
False assumptions may yield correct conclusions. However, we did not find any outcome of the MCOA that contradicts the results of independent astrophysical theory. Moreover, our model of the HR 8799 system predicts basically unique ephemeris of the four-and five-planet configurations that might be verified shortly on the observational basis. A reanalysis of earlier data in the discovery paper (Marois et al. 2008 ) confirms the stability analysis in the literature. We found that the Laplace MMR fully consistent with the astrophysical mass estimates ∼ 10 m Jup . The dynamically determined inclination and nodal line of the system orbits closely matches independent determination of the inclination and node of the outer debris disk (Matthews et al. 2014 ).
We also demonstrate that MCOA is able to derive meaningful orbital characterization of a resonant system on the basis of short-interval data, essentially using a single-image detection. Our method may be useful to characterize long-period, resonant systems with massive planets detected by the direct imaging.
The migration mechanism and resonance trapping is likely responsible, although in quite smaller scale when concerning the orbits and planetary masses, for creating multiple systems of superEarth planets discovered by the KEPLER mission (Borucki & Koch 2011; Batalha 2013) . A significant sample of KEPLER systems involving four and more planets are found very close to multiple MMRs which might be also explained by a common, inward migration (Migaszewski et al. 2013 , and references therein).
The early dynamical models of the three-planet HR 8799 system configurations indicated marginally stable, chaotic system. After the discovery of the fourth planet, these models become apparently even more unstable. In contrast, our new models derived with the migration constraints, and comprising of even five giant planets are suggestive for a completely ordered configuration which could be stable forever, if no significant perturbations are introduced. 
